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A simple folding model for Ω-deuteron with maximal spin (I)JP = (0) 5/2+ is presented. The Ω
particle is taken to orbit an unperturbed deuteron in a Ω-deuteron potential based on a separable Ω-
nucleon potential obtained in lattice QCD. The folding model approximate the three-body problem
to a two-body problem is investigated in this context. The upper bound for binding energy, scattering
length and effective range of Ω particle on a deuteron are approximated. Our calculation of binding
energy from simple two-body approximation are in good agreement by reported results from three-
body problem. While the interaction of Ω-nucleon are strong enough to form two-body bound
states, it is desirable to check possibility of Ω hypernuclei. We derive a single-folding potential for Ω
hypernuclei from the Ω-nucleon potential obtained in lattice QCD. We calculate the binding energy
of the Ω hypernuclei and estimate the effect of coulomb force to check existence of Ω hypernuclei.
I. INTRODUCTION
The Ω hypernuclei offers a mixture of simplicity and
fundamental interest in connection with the interactions
between nucleons and strange particles. These combina-
tions like hypertriton [1], Ξd (I)JP = (1/2) 3/2+ [2] and
Ωd in the state with maximal spin (I)JP = (0) 5/2+ [3]
have attracted considerable theoretical attention. The
first measurement of the proton-Ω correlation function
[4] in heavy-ion collisions by the STAR experiment [5]
at the Relativistic Heavy-Ion Collider (RHIC) favors the
proton-Ω bound state hypothesis.
Recently, the Ωd system in the state with maximal
spin (I)JP = (0) 5/2+ is investigated by solution of the
three-body bound-state Faddeev equations for the con-
figurations where all three particles are in S-wave states,
making use of the latest HAL QCD Collaboration ΩN
and ΩΩ interactions. The results showed that Ωd system
is bound with a binding energy of about 20 MeV [3, 6].
Scattering in the two-body approximation can be studied
and compared with the full three-body results. On the
other hand an effective two-body model might sometimes
be useful in qualitative understanding and in preliminary
estimates. We can perhaps get some insight by specify-
ing that the folding approximation basically assumes a
specific form for the total three-body wave function.
The interest is reflected in a number of investiga-
tions where different techniques and models are used,
for example, variational models [7], the hyperspheri-
cal method [8], Faddeev calculations [9] and simpler
Λ–deuteron two-body models [10]. This paper presents
a simple model of the interaction of minus Ω (with
three strange quarks) with nuclei, such as: deuteron and
12C,28 Si,40Ca,58Ni,90 Zr, 208Pb. A simple model is eas-
ily to apply and it is a reference point against which more
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sophisticated descriptions can he compared. The Ωd sys-
tem is taken to be a deuteron and a Ω particle moving in
an effective Ωd potential. The nucleon part of the wave
function is exactly that of a free deuteron and the Omega
part is found from a Ωd potential constructed as follows.
First a separable fit is made to the ΩN s-wave potential
which is obtained from lattice QCD calculation by HAL
QCD groups [11, 12]. The ΩN potential is then summed
over the two nucleons and averaged over the deuteron
wave function. Finally the resulting Ωd potential is fit-
ted to a separable form and only the s-wave part is used.
Then, We solve the Schro¨dinger equation with the fitted
potential in the infinite volume and extract its scattering
observables from the asymptotic behaviour of the wave
function. The model is expected to be accurate only for
the low energy properties of the Ωd since it is based on a
ΩN potential which is fitted to low energy ΩN scattering
parameters.
This paper is organized as follows. In section II, we
present a brief description of the HAL QCD ΩN two-
body interactions. The simple model that reduce a three-
body problem to an effective two-body problem, in order
to study interaction between Ω and deuteron is given in
section III. In section IV, we employ the single-folding
potential to investigate Ω hypernuclei. Finally, in sec-
tion V we offer a summary and the conclusions.
II. SPIN-2 ΩN POTENTIAL
S-wave and spin 2 ΩN potential in configuration space
is given by HAL QCD Collaboration with nearly physi-
cal quark masses [11]. The lattice discrete potential are
fitted by an analytic function composed of an attractive
Gaussian core plus a long range (Yukawa)2 attraction
with a form factor [12],
2VNΩ (r) = b1e
(−b2r2) +
(
1− b3e
−b4r
2
)(e−mpir
r
)2
, (1)
The pion mass in Eq. 1 is taken from the simulation,
mpi = 146 MeV. The lattice results are fitted reasonably
well, χ2/d.o.f ≃ 1, with four different set of parameters
given in Table I.
The low-energy observables by this potentials are
found to be: a scattering length aΩN0 = 5.30 fm, an
effective range rΩNeff = 1.26 fm, and a binding energy
BΩN = 1.54 MeV [11].
TABLE I. Fitting parameters in Eq. 1 for different models,
Pi , of the
5S2 ΩN interaction [11].
P1 P2 P3 P4
b1 (MeV) -306.5 -313.0 -316.7 -296
b2
(
fm−2
)
73.9 81.7 81.9 64
b3
(
MeV.fm−2
)
-266 -252 -237 -272
b4
(
fm−2
)
0.78 0.85 0.91 0.76
III. TWO-BODY APPROXIMATIONS TO THE
THREE-BODY PROBLEM
Reduction of a three-body problem to an effective two-
body problem might be a computational advantage. It
is tempting to try such a reduction for the Ωd which
approximately can be considered to be Ω -particle and
a deuteron. This case appears to be very well suited
for a two-body description as also attempted previously
[10]. The first step of the procedure is obviously to con-
struct the Ω–deuteron effective potential by folding the
deuteron wave function with the ΩN interaction. The re-
maining steps are then of two-body nature and therefore
computationally much simpler.
The interaction between the Ω-particle and the
deuteron is given by the Watanabe ansatz the deuteron
optical potential UF,Ωd (R) is given by [13]
UF,Ωd (R) = (2)∫
rdψ
∗
d (rd)
[
VΩp
(
R+
1
2
rd
)
+ VΩn
(
R −
1
2
rd
)]
ψd (rd) ,
Where VΩp and VΩn denote two body spin-independent
central potential of the Ω−proton and Ω−neutron sys-
tem, respectively, at half the deuteron energy and the
integration runs over the internal coordinates rd of the
deuteron. For the central-potential terms this gives to a
very good approximation [14]
U cF,Ωd (R) = (3)∫
drdρd (rd)
[
V cΩp
(
R+
1
2
rd
)
+ V cΩn
(
R−
1
2
rd
)]
,
where ρd = ψ
∗
dψd denotes the deuteron density and the
index c stands for central potential terms. For the nuclear
density distribution function, we use the two-parameter
Fermi form for a nucleus by mass number A as
ρA(r) = ρ0
[
1 + exp
(
r − r1
a
)]−1
, (4)
Where ρ0 is defined from
∫
d3rρA (r) = A, r1 = 1.33A
1/3
fm is the nucleon-nucleus interaction radius, and a is the
surface diffuseness parameter. We have used a = 0.55 fm
for deuteron case [15].
The Coulomb increases the binding for systems con-
taining a proton compared to those with a neutron,
due to the attractive Ω−p interaction. We included the
Coulomb interaction as,
VC (r) = ±α
e−r/r0
r
, (5)
Where α is the fine structure constant and r0 a screen-
ing radius taken to be r0 = 50 fm.
To obtain observables such as the scattering phase
shifts and binding energy, we fit the resulting Ωd po-
tential by an analytic function form same as Eq. 1,
V fit
Ωd (r) = c1e
(−c2r2) +
(
1− c3e
−c4r
2
)(e−c5r
r
)2
. (6)
Fig. 1 shows the Ωd potential and its fit function for
the P1 model, and the results of fit with corresponding
parameters are summarized in Table II for the models
of ΩN interaction given in Table I. Then, We solve the
Schro¨dinger equation with the fitted potential in the in-
finite volume and extract its scattering observables from
the asymptotic behaviour of the wave function. Shown in
Fig. 2 is the S-wave scattering phase shift δ0 as a function
of the kinetic energy.
TABLE II. The fitting parameters in Eq. 6 in physical unit
for the models of ΩN interaction given in Table I.
c1 (MeV) c2
(
fm−2
)
c3
(
MeV.fm−2
)
c4
(
fm−2
)
c5
(
fm−1
)
-129.1 0.2 -630.9 0.9 0.3
-127.8 0.2 -698.5 0.9 0.3
-124.4 0.2 -745.3 0.9 0.3
-130.5 0.2 -616.3 0.9 0.3
The effective range expansion (ERE) of the phase shifts
up to the next-leading-order (NLO) reads
k cot δ0 = −
1
a0
+
1
2
reffk
2 +O
(
k4
)
, (7)
with reff being the effective range. We show in Table III
the binding energies and the ERE parameters (a0, reff )
obtained from our phase shifts of the state with maximal
spin, (I)JP = (0) 5/2+, for the different models of the
ΩN interaction reported in Ref. [11] and summarized in
Table I.
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FIG. 1. The effective central folding potential UCF,Ωd (Red
circles) for Ωd in the 5S2 and the result of the fitting (Blue
line) by using V fit
Ωd (r) in 6 for the P1 model of ΩN interaction
given in Table I.
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FIG. 2. The S-wave scattering phase shifts δ0 as a function
of the kinetic energy, k2/(2µ).
IV. POSSIBLE Ω HYPERNUCLEI
To study the spectrum of Ω hypernuclei, We employ
the single-folding potential (like Eq. 3) defined by
U cF (R) =
∫
drρA (r)VΩN (R− r), (8)
Here, ρA (r) form is same as Eq. 4, and VΩN (r) =
V0 (r) stands for the two body spin-independent cen-
tral potential of the ΩN system. We employ the
parameters ρ0, c and a given in Ref. [17] for spheri-
cal nuclei such as 12C,28 Si,40Ca,58Ni,90 Zr and 208Pb.
Fig. 3 shows the folding potential between Ω and
12C,28 Si,40Ca,58Ni,90 Zr, 208Pb nuclei for P1 set of pa-
rameter given in Table I. We observe that folding po-
TABLE III. Two-body binding energy, B2bΩd (MeV), scatter-
ing length, a0 (fm) and effective range, reff (fm) of the
(I)JP = (0) 5/2+ Ωd state for the different models of the
ΩN interaction given in Table I [11]. The results have been
obtained with the experimental masses of the N and Ω,
938.9 MeV/c2 and 1672.45 MeV/c2 respectively. We have in-
dicated between parenthesis the results corresponding to the
N and Ω masses derived by the HAL QCD Collaboration,
954.7 MeV/c2 and 1711.5 MeV/c2 respectively [11, 16]. For
comparison, B3bΩd, the binding energy from three-body calcu-
lation is given [6].
P1 P2 P3 P4
a0 -0.80(-0.85) -0.83(-0.88) -0.75(-0.82) -0.83(-0.87)
reff 4.59(4.20) 4.45(4.08) 5.02(4.53) 4.40(4.06)
B2bΩd -18.5(-19.3) -18.6(-19.4) -17.6(-18.5) -18.8(-19.6)
B3bΩd 19.6 (20.6) 20.0 (21.1) 19.6 (20.5) 19.9 (20.9)
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FIG. 3. The folding potential between Ω and
12C,28 Si,40 Ca,58 Ni,90 Zr, 208Pb nuclei for P1 set of pa-
rameter.
tential becomes deeper as the as the atomic number in-
creases.
We calculate the binding energy of the Ω hypernuclei
by using folding potential, for the S-wave potential, with
the physical masses for Ω and nuclei. The binding energy
|Eb| increases as the atomic number increases, as one ex-
pected. The results suggest that Ω hypernuclei may exist,
if their binding energy is larger than the Coulomb repul-
sion. It is possible to estimate the effect of coulomb force
by calculation the expectation value for the Coulomb po-
tential using the binding solutions of Ω hypernulei ψb as
[18]
ECoul =
〈
ψb
∣∣UCF ∣∣ψb〉
〈ψb|ψb〉
, (9)
where UCF is the single-folding Coulomb potential defined
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FIG. 4. The expectation value of folding potential for
Coulomb force in Ω hypernuclei (Red). The expectation val-
ues are calculated from the binding solution of the Ω hyper-
nuclei . For comparison, the binding energy of Ω hypernuclei
(Blue) and sum of them (Green) are also plotted.
by
UCF (~r) =
∫
d3~r′ρch
(
~r′
)
VCoul
(
~r − ~r′
)
. (10)
Where VCoul (~r) is an ordinary Coulomb potential and
ρch is charge density distribution by the Fourier–Bessel
coefficient obtained from elastic electron scattering [19].
Fig. 4 shows the expectation values of the folding po-
tential for Coulomb force calculated by using the bind-
ing solution of Ω hypernuclei. The binding energy for Ω
hypernuclei without Coulomb potential and the sum of
them is shown in Fig. 4 for better comparison.
The binding energy of Ω hypernuclei are much stronger
than the expectation values of Coulomb force. Since the
binding energy increases as the attraction of the ΩN po-
tential becomes stronger toward the physical quark mass,
the observations suggests that Ω hypernuclei is deeply
bound states or resonances which may be sought experi-
mentally.
Let us emphasize that the couplings of ΩN
(
5S2
)
to
the D-wave octet-octet channels below the ΩN threshold
(ΛΞ and ΣΞ) and also the coupling to the inelastic octet-
decuplet channels above the ΩN threshold (ΛΞ∗) is suffi-
ciently small [11]. To draw definite conclusion about the
binding energy of Ω hypernuclei, one should have done
the coupled-channel analysis of the HAL QCD method
[20].
V. SUMMARY AND CONCLUSIONS
The lattice QCD analysis of the HAL QCD Collab-
oration has recently derived ΩN interacting potentials
with nearly physical quark masses (mpi ≃ 146 MeV and
mK ≃ 525 MeV). They found an attractive potential in
the ΩN 5S2 channel which supports a bound state with
a central binding energy of 1.54 MeV.
In turn, the ΩNN and ΩΩN three-body systems have
examined in [3, 6] making use of the latest HAL QCD
Collaboration ΩN and ΩΩ interactions. Their results
showed that the Ωd system in the state with maximal
spin (I)JP = (0) 5/2+ is bound with a binding energy of
about 20 MeV. We tested the two-body approximation
obtained by folding the deuteron wave function and the
Ω–nucleon interaction. We computed binding energies
and scattering properties. Our calculation of binding en-
ergy from simple two body approximation are in good
agreement by reported results from three body problem
[6]. Though, the approximation in the present investi-
gation, is inadequate for the details and the accuracy
required, On the other hand an effective two-body model
might sometimes be useful in qualitative understanding
and in preliminary estimates. The folding approximation
basically assumes a specific form for the total three-body
wave function. Since the potential must be more attrac-
tive than the folding potential, the resulting energy is
only an upper bound for the Ωd systems.
We have constructed a single-folding potential for Ω
hypernuclei. We then estimated the binding energies of Ω
with the nuclei, 12C,28 Si,40Ca,58Ni,90 Zr and 208Pb. Re-
sultant binding energies of Ω hypernuclei become larger
as the atomic number increases. In order to estimate the
effect of the Coulomb repulsion in the Ω hypernuclei, we
calculated expectation values of the folding potential of
Coulomb force using the binding solution of Ω hypernu-
clei. The expectation value of the Coulomb potential is
much smaller than the binding energy of Ω hypernuclei
for heavy nuclei. Our results suggest that Ωd system
and Ω hypernuclei are deeply bound states or resonances
which may be sought experimentally in real world. It
is discussed in Ref. [4] how the two-particle momentum
correlation between the proton and the Ω baryon in high-
energy heavy ion collisions (STAR experiment at RHIC
[5] for example) may unveil the existence of these states.
Finally note that, it is difficult and speculative to
predict such transitory hypernuclei using current lattice
QCD results, the most reliable way is to derive potentials
via the coupled channel analysis in the future.
We plan to carry out three-body scattering problem.
The strict three-body calculations of scattering length
and effective range, where a Ω-particle is scattered on
a deuteron, are necessary to obtain detailed information
about the Ωd system structure or the two-body interac-
tions describing this three-body system. The scattering
length is closely related to the size of binding energy and
the effective range is of the order of the range of the ef-
fective three-body radial potential.
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